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Abstract

This paper is concerned with maximum stress intensity factors of arbitrary shaped defects or cracks under mixed
mode loading and also cracks terminating at an interface. A convenient formula is proposed in terms of +/area pa-
rameter, where “area” is the projected area of the defects or cracks. First, a rectangular crack under mixed mode
loading is considered with varying the aspect ratio and compared with the results of elliptical cracks. Then, /area
parameter is found to be useful under mixed mode loading. Second, a rectangular crack, which is perpendicular to and
terminating at a bimaterial interface, is investigated with varying the combinations of materials constants. At the crack
front the maximum stress intensity factors are expressed as a function of the elastic ratio of the materials. On the other
hand, the generalized stress intensity factors at the interface are expressed as a function of Dundurs parameters o and /3.
Proposed formulas are usefully evaluating defects with any aspect ratio under any combinations of the materials.
© 2003 Elsevier Ltd. All rights reserved.
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1. Introduction

Three-dimensional crack solutions are useful for evaluating cracks or defects in structures. Murakami
et al. proposed convenient formulas to evaluate the maximum stress intensity factors of arbitrary shaped
cracks within about 10% error, that is, for surface cracks [1,2]

kimax = 0.6504/v/area, (1)

for internal cracks [3,4]

kimax = 0.5004/ v/area. (2)
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w,1, Shear modulus
vi,v: Poisson's ratio

(a) 2a (b)

Fig. 1. (a) Crack subjected to shear stress and (b) crack terminating at an interface.

For a rectangular and elliptical crack, Fimax = kimax/0+\/v/area = 0.46-0.54 (see Table 1). Here “area” is
an effective area of the defects or cracks, which will be defined in Section 2. Egs. (1) and (2) have been used
widely for evaluating mode I cracks in homogeneous materials.

Generally, cracks in actual structures are subjected to mixed mode loading, and it is seen that under
certain circumstances cracks propagate even predominantly in mode II [5]. Also, recently composite ma-
terials are more often used, and, therefore, defects in the vicinity of an interface have to be evaluated.
However, similar equations are not available under those situations. In this study, therefore, stress intensity
evaluation formulas will be proposed for the cracks under mode II and III loading (see Fig. 1(a)) and also
cracks terminating at an interface (see Fig. 1(b)). In Fig. 1(b), x, = 0 is an interface, and a rectangular crack
is on the x;x, plane. Here, our recent solutions of a rectangular crack, which have three or four digit ac-
curacy [6-8], will be used to consider the formulas. The proposed formulas will be useful for evaluating
various crack shapes and various combinations of the materials.

2. Maximum stress intensity factors for a crack in a homogeneous material under mixed mode loading

First, in Table 1, the stress intensity factor of a rectangular crack in a homogeneous material under
tension ¢2° [6] is compared with the results of an elliptical crack. In Table 1 the following definition of the
stress intensity factor is indicated at point A.
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Table 1
F and £ at A for a rectangular and elliptical crack in a homogeneous material whose results are independent of Poisson’s ratio
bla FatA FatA
Panel A
A 8.000 0.102 0.136
* n 4.000 0.202 0.202
2.000 0.400 0.336
B - 1.000 0.753 0.533
* 0.500 0.906 0.539
0.250 0.976 0.489
y 0.125 0.995 0.471
—0 1.000 0.473
Panel B
A 8.000 0.122 0.163
4.000 0.233 0.248
2.000 0.413 0.369
1.000 0.637 0.478
B 0.500 0.828 0.522
0.250 0.933 0.495
0125 0.978 0.462
—0 1.000 0.473
ky at A ky at A
RatA=P3A g A RatA 3)
o>Vb o>y/+/area
Here, for rectangular cracks, ““area” is defined by
area = 4ab,
If b/a<0.2 area = 20b°, (4)
If b/a > 5.0 area = 20a°.
Similarly, for elliptical cracks, “area” is defined by
area = mab,
If b/a<0.2 area = 20b°, (5)

If b/a > 5.0 area = 20a°.

For mode I cracks, if a/b < 1, the maximum value appears at point B instead of point A. Therefore from
Table 1 it is seen that the maximum mode I stress intensity factors can be expressed as Eq. (2) within 10%
for both rectangular and elliptical cracks with any aspect ratio.

Next, Table 2 indicates the stress intensity factors .y of a rectangular and elliptical crack under shear
T with varying aspect ratio »/a and Poisson’s ratio v (see Fig. 1(a)). Also, kiiimax values are shown in Table
3. Tables 2 and 3 are based on the studies of Noda and Kihara [7]. Here, the following definition is used:

kllmax klllmax

Fip =~ P = iy (6)

II'max ’ III max .
’L';ZC\/ v/ arca ’L';ZC\/ v/ arca

On the one hand, as shown in Table 2, the F*

II max
mode II stress intensity factor is expressed by

value is in the range 0.46-0.64 when b/a < 1, the maximum
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Table 2

Flimax = kiimax /T35 /+/area for (A) a rectangular and (B) elliptical crack in an infinite body
b/a v

0 0.1 0.2 0.3 0.4 0.5

Panel A
8.000 0.1079 0.1142 0.1205 0.1269 0.1364 0.1469
4.000 0.2030 0.2130 0.2250 0.2390 0.2550 0.2740
2.000 0.3364 0.3523 0.3708 0.3919 0.4154 0.4415
1.000 0.5325 0.5523 0.5728 0.5947 0.6180 0.6435
0.500 0.5387 0.5482 0.5577 0.5678 0.5774 0.5869
0.250 0.4890 0.4910 0.4935 0.4955 0.4980 0.4995
0.125 0.4705 0.4710 0.4715 0.4719 0.4724 0.4729
—0 0.4729 0.4729 0.4729 0.4729 0.4729 0.4729
Panel B
8.000 0.1633 0.1807 0.2022 0.2296 0.2655 0.3148
4.000 0.2477 0.2720 0.3016 0.3382 0.3852 0.4471
2.000 0.3688 0.3982 0.4329 0.4740 0.5238 0.5853
1.000 0.4782 0.5033 0.5313 0.5626 0.5977 0.6376
0.500 0.5215 0.5355 0.5502 0.5657 0.5822 0.5995
0.250 0.4955 0.5009 0.5064 0.5121 0.5178 0.5237
0.125 0.4619 0.4636 0.4654 0.4672 0.4690 0.4708
—0 0.4729 0.4729 0.4729 0.4729 0.4729 0.4729

Table 3

Fiitmas = Kimmax /T35 v/ v/area for (A) a rectangular and (B) elliptical crack in an infinite body
b/a v

0 0.1 0.2 0.3 0.4 0.5
Panel 4
— 00 0.4729 0.4729 0.4729 0.4729 0.4729 0.4729
8.000 0.4619 0.4600 0.4576 0.4546 0.4506 0.4452
4.000 0.4955 0.4896 0.4825 0.4736 0.4622 0.4471
2.000 0.5215 0.5069 0.4897 0.4692 0.4444 0.4138
1.000 0.4782 0.4530 0.4251 0.3938 0.3587 0.3188
0.500 0.3688 0.3408 0.3112 0.2800 0.2470 0.2120
0.250 0.2477 0.2254 0.2026 0.1792 0.1553 0.1310
0.125 0.1633 0.1475 0.1316 0.1156 0.0995 0.0832
Panel B
— 00 0.4729 0.4729 0.4729 0.4729 0.4729 0.4729
8.000 0.4705 0.4700 0.4691 0.4681 0.4667 0.4644
4.000 0.4885 0.4855 0.4815 0.4765 0.4695 0.4595
2.000 0.5369 0.5280 0.5149 0.4995 0.4787 0.4531
1.000 0.5325 0.5127 0.4893 0.4624 0.4313 0.3932
0.500 0.3364 0.3195 0.3019 0.2817 0.2590 0.2329
0.250 0.2030 0.1920 0.1810 0.1680 0.1540 0.1380
0.125 0.1213 0.1154 0.1094 0.1011 0.0939 0.0844
Kitmax 2 0.5577\/varea (= 0.46-0.64 when b/a<1). (7)

On the other hand, as shown in Table 3, the Fj;,,.. value is in the range 0.32-0.54 when b/a > 1, the

maximum mode IIT stress intensity factor is expressed by
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Kimax & 0.4577(/ /area (Fiiimax = 0.32-0.54 when b/a < 1). (8)

It appears that Eq. (7) can be applied to any crack shape if the aspect ratio /a <1 because they can
evaluate rectangular and elliptical cracks. Also Eq. (8) can be applied to any crack shape if the aspect ratio
b/a=1.

In this study, therefore, not only mode I cracks but mode II and III cracks are also found to be evaluated
by +/area parameter. In Section 3, we will discuss the results of a rectangular crack terminating at an
interface (see Fig. 1(b)). Apparently, the following discussion will be useful for other crack shapes.

3. Maximum stress intensity factors at the crack front along x, =2b, x3 =0 for cracks terminating at the
interface

In Fig. 1(b), first, consider the crack front along x, = 2b, x3 = 0. The maximum stress intensity factor
appears at (x,x;) = (0,2b) [8]. Then, the stress intensity factor is defined by

k[ = 111'% 0'33(1", 0)|0:0\/27 (X2 = Zb) (9)

The following dimensionless factors will be used.
B =ki/(635Vb), F =k/(o5\/Varea). (10)

area = 4ab if a < 5b, or
area = 20b° if a > 5b.

(11)

It should be noted that in discussing uniform loading of two bonded dissimilar half spaces (x, > 0 and
x; < 0) at x3 = %00, the loading has to be 5. The notation ¢35 used here is the crack surface traction
3,(x1,x2,0) in material 1 coming from the usual superposition scheme and has to be evaluated in terms of
&35 and the material constants.

Here, we consider the case a/b > 1. Table 4 shows the maximum stress intensity factor Fj, and Table 5
shows the maximum F;* at (x;,x;) = (0,2b) for a/b = 1-o0o. Those results are based on our recent studies
[8]. Table 6 indicates values of Dundurs parameter o, 5, and the root of eigenequation A given in Section 4
for the material combination in Tables 4 and 5.

(e + 1) —pp(k + 1) (o = 1) = (k= 1)
ai ) - )
(2 + 1) + (e + 1) (k2 + 1) + (11 + 1)

kK1 =3 —4v, Kk, =3—4v,, u,u,: shear modulus. (12)

In Tables 4 and 5, the result of a/b = 1 over the result of a/b — oo is indicated as (a/b=1)/(a/b — o0).
Although the Fj ratio is in the range 0.51-0.84, the F{* ratio is 1.00 & 0.25 = 1.00. Namely, the F* value
is not very sensitive to the crack aspect ratio a/b.

As shown in Tables 4 and 5, the F{* value is mainly determined by the elastic ratio u,/y,, and insensitive
to both Poisson’s ratios vy, v, and Dundurs parameters o, . Finally, by applying the least square method
F is expressed by the following equation:

Fy(x) = 0.639 — 0.356x + 0.292x* — 0.081x°,

/i <10, x=m/u, (13)
/<10, x=2—u/p,.

(Within 20% accuracy when a/b > 1).
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Table 4
Dimensionless stress intensity factor £ at (x;,x,) = (0,2b) in Fig. 1
/1y

0.01 0.1 0.5 1.0 2.0 10.0 50.0 100.0

alb= 0.793 0.783 0.764 0.753 0.743 0.726 0.717 0.714

vy =0.0 =2 1.044 0.998 0.936 0.906 0.878 0.836 0.820 0.816
v, = 0.0 = 1.373 1.205 1.053 0.995 0.947 0.876 0.850 0.845
=00 1.447 1.235 1.061 1.000 0.950 0.878 0.855 0.852
(a/b=1)/(a/b=00) 0.548 0.634 0.720 0.753 0.782 0.827 0.839 0.838

a/b= 0.830 0.805 0.770 0.753 0.740 0.724 0.719 0.719

vi =0.5 =2 1.150 1.057 0.950 0.906 0.872 0.833 0.823 0.821
v, =0.5 = 1.457 1.262 1.066 0.995 0.942 0.883 0.869 0.867
=00 1.465 1.268 1.072 1.000 0.947 0.889 0.874 0.872
(a/b=1)/(a/b=00) 0.567 0.635 0.718 0.753 0.781 0.814 0.823 0.825

a/b=1 0.792 0.778 0.755 0.744 0.734 0.719 0.713 0.712

v = 0.0 =2 1.038 0.982 0.910 0.880 0.856 0.825 0.815 0.813
v, =0.5 =8 1.352 1.160 0.996 0.942 0.902 0.857 0.844 0.842
=00 1.421 1.185 1.000 0.943 0.903 0.862 0.852 0.851
(a/b=1)/(a/b=00) 0.557 0.657 0.755 0.789 0.813 0.834 0.837 0.837

a/b=1 0.832 0.809 0.775 0.758 0.744 0.725 0.720 0.719

v; =0.5 =2 1.157 1.073 0.967 0.921 0.884 0.837 0.824 0.822
v =0.0 =8 1.477 1.300 1.107 1.030 0.969 0.893 0.871 0.868
=00 1.485 1.308 1.115 1.038 0.977 0.899 0.877 0.874
(a/b=1)/(a/b=00) 0.560 0.619 0.695 0.730 0.762 0.806 0.821 0.823

a/b=1 0.810 0.789 0.795 0.753 0.741 0.731 0.727 0.726

v =03 =2 1.11 1.02 0.938 0.906 0.877 0.844 0.853 0.833
v, =03 =8 1.53 1.24 1.06 0.995 0.947 0.889 0.847 0.872
=00 1.586 1.267 1.067 1.000 0.9501 0.8911 0.8753 0.8731
(a/b=1)/(a/b=00) 0511 0.623 0.745 0.753 0.780 0.820 0.831 0.832

For fixed Poisson’s ratios, the value of F*(x) is indicated in Fig. 2. As shown in Fig. 2, it is seen that
Fr(x) =0.64 at p,/p; =0, which is in agreement with Eq. (1) proposed for surface cracks, and also
F(x) = 0.49 at p,/u, = 1, which is in agreement with Eq. (2) proposed for internal cracks.

4. Maximum stress intensity factors on an interface for cracks terminating at the interface

Next, consider the crack front on the interface in Fig. 1. The generalized stress intensity factor is defined
by

ki =limoss(r, 020" (2 =0). (14)

The following dimensionless factors will be used:

Fj = k(o3 ™), (15)
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Table 5
Dimensionless stress intensity factor F;" at (x;,x,) = (0,2b) in Fig. 1
o/ 1y

0.01 0.1 0.5 1.0 2.0 10.0 50.0 100.0

a/lb=1 0.561 0.554 0.540 0.532 0.525 0.513 0.507 0.505

=00 =2 0.621 0.593 0.557 0.539 0.522 0.497 0.489 0.485
v, =0.0 = 0.649 0.570 0.498 0.471 0.448 0.414 0.402 0.400
=00 0.684 0.584 0.502 0.473 0.449 0.415 0.404 0.403
(a/b=1)/(a/b=00)  0.820 0.949 1.076 1.125 1.169 1.236 1.255 1.253

a/b= 0.587 0.569 0.544 0.532 0.523 0.512 0.508 0.508

v=05 =2 0.684 0.629 0.565 0.539 0.518 0.495 0.489 0.488
»n=05 = 0.689 0.597 0.504 0.471 0.445 0.418 0.411 0.410
=00 0.693 0.600 0.507 0.473 0.448 0.420 0.413 0.412
(a/b=1)/(a/b=00)  0.847 0.948 1.073 1.125 1.167 1.219 1.230 1.233

a/b=1 0.560 0.550 0.534 0.526 0.519 0.508 0.504 0.503

v =0.0 =2 0.617 0.584 0.541 0.523 0.509 0.491 0.485 0.483
=05 =8 0.639 0.549 0.471 0.445 0.427 0.405 0.399 0.398
=000 0.672 0.560 0.473 0.446 0.427 0.408 0.403 0.402
(a/b=1)/(a/b=00) 0833 0.982 1.123 1.179 1.215 1.245 1.251 1.251

a/b=1 0.588 0.572 0.548 0.536 0.526 0.513 0.508 0.508

=05 =2 0.688 0.638 0.575 0.548 0.526 0.498 0.490 0.489
v, =0.0 =8 0.698 0.615 0.523 0.487 0.458 0.422 0.412 0.410
=00 0.702 0.619 0.527 0.491 0.462 0.425 0.415 0.413
(a/b=1)/(a/b= c0) 0.838 0.924 1.040 1.091 1.138 1.207 1.224 1.230

alb=1 0.573 0.558 0.541 0.532 0.524 0.517 0.514 0.513

v=03 =2 0.660 0.607 0.558 0.539 0.521 0.502 0.507 0.495
v, =0.3 =8 0.723 0.586 0.501 0.471 0.448 0.420 0.413 0.412
=00 0.750 0.599 0.505 0.473 0.449 0.421 0.414 0.413
(a/b=1)/(a/b=00)  0.764 0.932 1.071 1.127 1.167 1.228 1.242 1.245

* 1-2
F, = ki;/(055+/area 7). (16)

Here, 1 is a root of the following eigenequation [8—11]:
447* 4+ 2cos(in) — A — B =0,

A= (1 — 1)/ (1 + K1), (17)
B = (16op4y — K1) /(12 + 1244).

Table 7 shows the maximum stress intensity factor Fj,, and Table 8 shows F; at (x;,x2) = (0,0). In
Tables 7 and 8, the result of a/b =1 over the result of a/b — oo is indicated as (a/b=1)/(a/b — o0).
Compared with the F; ratio, which is within the range 0.40-0.90, the F’; ratio is 1.00 +0.15 = 1.00.
Namely, the F{, value is not very sensitive to the crack aspect ratio a/b, and suitable for evaluating any
shape of cracks. Fig. 3 indicates Fy; and w, /p, relations for fixed Poisson’s ratio. The £y’ value widely varies
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Table 6
Dundurs parameters o, f and singular index 4 as a root of Eq. (10)
o/ 1y
0.01 0.1 0.5 1.0 2.0 10.0 50.0 100.0
v =0.0 o 0.9802 0.8182 0.3333 0.0000 —-0.3333 —-0.8182 —-0.9608 —-0.9802
v, =0.0 p 0.4901 0.4091 0.1667 0.0000 —-0.1667 —-0.4091 —-0.4804 —-0.4901
A 0.0936 0.2578 0.4218 0.5000 0.5879 0.8011 0.9363 0.9648
vy =0.5 o 0.9802 0.8182 0.3333 0.0000 —-0.3333 —-0.8182 —-0.9608 —-0.9802
v, =0.5 B 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
A 0.0820 0.2437 0.4332 0.5000 0.5435 0.5838 0.5924 0.5935
vy = 0.0 o 0.9608 0.6607 0.0000 —-0.3333 —-0.6000 —0.9048 —-0.9802 —-0.9900
v =0.5 p —0.0098 —0.0833 —-0.2500 —-0.3333 —0.4000 —-0.4762 —-0.4950 —-0.4975
A 0.1151 0.3275 0.5618 0.6667 0.7642 0.9218 0.9812 0.9903
vy =0.5 o 0.9900 0.9048 0.6000 0.3333 0.0000 —0.6667 —-0.9231 —0.9608
v, =0.0 B 0.4975 0.4762 0.4000 0.3333 0.2500 0.0833 0.0192 0.0098
A 0.0669 0.1980 0.3551 0.4196 0.4736 0.5555 0.5854 0.5899
v =0.3 o 0.9802 0.8182 0.3333 0.0000 —-0.3333 —-0.8182 —0.9608 —-0.9802
v, =023 p 0.2801 0.2338 0.0952 0.0000 —0.0952 —-0.2338 —-0.2745 —-0.2801
A 0.0852 0.2464 0.4255 0.5000 0.5661 0.6672 0.7013 0.7061
K1 = 3 — 4V1
Ky =5— 4\)2
_ (2 + 1) — py (i1 +1)
(12 + 1) + py (e + 1)
_ (2 = 1) — py (a1 — 1)
(k2 + 1) + py (k1 + 1)

(4)a /b=
GHO+@ +@G) +@)}/47]
(6)Eq(13) |

~ -

0.4 |-
v, =0.0,v, =0.0
0.3 L L 1 " L !
0 0.5 1 1.5 2
| I 1 | J
(@ o 0.5 p/w 1 0.5 w/m, O

03 L

(b)

0.5

1 1.5 T
|

0

|
0.5 m/m 1

|
05 w/nw, O

Fig. 2. Stress intensity factors x, = 2b for a rectangular crack terminating at an interface.

depending on the combination of Poisson’s ratio v; and v,. However, as shown in Table 8, F, value is
almost independent of the aspect ratio a/b under the same material combination, in other words, under the
same Dundurs parameter o, f§ (see Table 6).
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Table 7
Dimensionless stress intensity factor £, at (x;,x;) = (0,0) in Fig. 1 [(---): Eq. (13), (---)*: when § < —0.4]
Ha/
0.01 0.1 0.5 1.0 2.0 10.0 50.0 100.0
alb= 0.015 0.114 0.418 0.753 1.422 7.222 38.0 76.7
vy=00 =2 0.023 0.160 0.524 0.906 1.646 7.757 39.5 79.3
v, =0.0 = 0.035 0.207 0.595 0.995 1.767 7.990 39.9 79.9
=00 0.037 0.214 0.601 1.0000 1.772 8.091 422 85.5
0.036)  (0.215)  (0.601)  (0.994)  (1.766) (8.092)° (35.57)  (67.91)
(a/b=1)/(a/b= o) 0.405 0.532 0.695 0.753 0.802 0.893 0.900 0.897
a/b=1 0.017 0.149 0.530 0.753 0.919 1.058 1.079 1.082
=05 = 0.025 0.204 0.660 0.906 1.082 1.226 1.249 1.252
»n=05 =8 0.032 0.239 0.735 0.995 1.180 1.332 1.357 1.360
=00 0.032 0.243 0.744 1.0000 1.182 1.347 1.381 1.385
(0.031)  (0.252)  (0.744)  (0.994)  (1.185) (1357)  (1.384) (1.385)
(a/b=1)/(a/b = ) 0.531 0.613 0.712 0.753 0.777 0.779 0.781 0.781
a/b=1 0.024 0.256 1.357 2.767 5.65 29.9 153.3 308
v = 0.0 = 0.038 0.346 1.602 3.113 6.14 31.1 158.1 317
=05 =8 0.057 0.431 1.726 3.237 6.26 313 158.9 319
=00 0.061 0.448 1.761 3.299 6.41 33.2 173.3 349
(0.061) (0.471) (1.782) (3.375) (6.52) (28.6)*  (130.8)*  (258)*
(a/b=1)/(a/b = ) 0.393 0.571 0.771 0.839 0.881 0.901 0.885 0.882
alb= 0.011 0.079 0.238 0.347 0.481 0.828 1.017 1.049
vy =0.5 = 0.016 0.111 0.307 0.433 0.587 0.974 1.182 1.217
=00 =8 0.020 0.134 0.354 0.492 0.658 1.071 1.288 1.324
=00 0.020 0.135 0.357 0.495 0.663 1.086 1.312 1.350
(0.020) (0.133) (0.358) (0.491) (0.668) (1.032) (1.240) (1.304)
(a/b=1)/(a/b = o) 0.550 0.585 0.667 0.701 0.725 0.762 0.775 0.777
alb= 0.0145 0.122 0.456 0.753 1.17 2.34 2.97 3.08
v=03 =2 0.0225 0.171 0.572 0.906 1.36 2.59 3.24 3.35
v, =0.3 = 0.0318 0.215 0.651 0.995 1.46 2.70 3.35 3.46
=00 0.0329 0.2202 0.6560 1.0000 1.467 2.694 3.338 3.445
(0.0328)  (0.2299)  (0.6525)  (0.994) (1.475) (2.691) (3.340) (3.447)
(a/b=1)/(a/b = o) 0.441 0.509 0.695 0.753 0.798 0.869 0.890 0.894

Regarding the two-dimensional crack as a/b — oo in Fig. 1, the following relation between £i,|, ., and
F'Hy/'»|a/h4>0 is known [10,11]:

Filappo = mﬁlyi|a/b—>0217 -

1- 28

)

Here, the mode II stress intensity factor is defined by

Fuy = ki /(o35b" ),

K[l,,{ = lln’(} 023(1", 9)|9:0 X rl_i.
r—

(18)
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Table 8
Dimensionless stress intensity factor £; at (x;,x;) = (0,0) in Fig. 1 [(---): Eq. (18), (---)*: when f < —0.4]
/iy
0.01 0.1 0.5 1.0 2.0 10.0 50.0 100.0
a/b= 0.0080 0.0682 0.280 0.532 1.069 6.292 36.4 74.9
v=00 =2 0.0090 0.0740 0.287 0.539 1.072 6.308 37.0 76.5
v, =0.0 = 0.0090 0.0681 0.250 0.471 0.953 5.931 36.3 75.8
=00 0.0095 0.0704 0.253 0.473 0.956 6.006 38.4 81.1
(0.0093)  (0.0707) (0.253)  (0.470)  (0.957) (6.007"  (33.3)" (64.4)"
(a/b=1)/(a/b=oc0) 0.842 0.969 1.107 1.125 1.118 1.048 0.948 0.924
a/b=1 0.0090 0.0882 0.358 0.532 0.670 0.793 0.813 0.816
v=05 = 0.0096 0.0929 0.366 0.539 0.673 0.795 0.818 0.820
vn=05 =8 0.0081 0.0770 0.314 0.471 0.596 0.714 0.737 0.740
=00 0.0081 0.0783 0.318 0.473 0.597 0.722 0.750 0.753
(0.0078)  (0.0812) (0.318)  (0.470)  (0.598) (0.728) 0.752)  (0.753)
(a/b=1)/(a/b= o) 1.111 1.126 1.126 1.125 1.122 1.098 1.084 1.084
a/b=1 0.0130 0.161 1.002 2.20 4.80 28.3 151.3 306
v =0.0 = 0.0151 0.172 1.016 2.20 4.80 28.7 155.0 314
vw=05 =8 0.0151 0.157 0.895 1.96 4.40 27.8 154.0 314
=00 0.0162 0.164 0.913 2.00 4.50 29.5 168.5 344
0.0162)  (0.172)  (0.924)  (2.05) (4.58) (25.5) (127.2y  (253.9)"
(a/b=1)/(a/b= ) 0.802 0.982 1.097 1.100 1.067 0.959 0.898 0.975
a/b= 0.0058 0.0453 0.152 0.232 0.334 0.608 0.763 0.789
v = 0.5 = 0.0061 0.0482 0.157 0.237 0.340 0.614 0.768 0.795
v»=00 =8 0.0059 0.0403 0.135 0.206 0.299 0.550 0.692 0.716
=00 0.0050 0.0406 0.136 0.208 0.301 0.558 0.705 0.730
(0.0049)  (0.0400) (0.136)  (0.206)  (0.304) (0.530) 0.666)  (0.706)
(a/b=1)/(a/b= o) 1.160 1.116 1.118 1.115 1.110 1.090 1.082 1.081
a/b=1 0.0077 0.0717 0.306 0.532 0.866 1.858 2.41 2.51
v =03 =2 0.0087 0.0771 0.315 0.539 0.866 1.832 2.38 247
v, =0.3 =8 0.0081 0.0682 0.275 0.471 0.762 1.640 2.14 2.23
=00 0.0084 0.0699 0.277 0.473 0.766 1.637 2.13 2.22
(0.0083)  (0.0707)  (0.276)  (0.470)  (0.770) (1.635) (2.135)  (2.22)
(a/b=1)/(a/b = o) 0.917 1.026 1.105 1.125 1.131 1.135 1.132 1.131
Then, the following convenient formulas were proposed [10]:
When > 0,
Fit il = [0.842 +0.2028 + 0.816” + 0.276f°] (1 — o) + [~0.119 + 0.2758 — 3.0388*
+9.5478%(1 — a)* — [0.020 + 0.7698 — 7.1564> 4 21.8128°])(1 — a)’. (21)
When (<0,
Fitilgpone = [0.842 + 0.4818 + 0.7526° — 1.0486°](1 — o) + [-0.119 — 0.847 — 3.354f8
—7.686/°](1 — 2)* — [0.020 — 0.2478 — 1.2628* — 3.0218](1 — «)’, (22)
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Fig. 3. Stress intensity factors at x, = 0 for a rectangular crack terminating at an interface.

. b\’ b
le,).'a/bA»O = (m) Fi/tla/baO? \/ﬁ =0.2236 (area = 20b27 a/b — OO) (23)

The value of Fy [,/ with Eqgs. (18)~(22) is indicated in Table 7. Also, the value of /|, ,_, with Eqgs. (18)~
(23) is indicated in Table 8. Moreover, to confirm the accuracy in the whole range of material’s combi-
nation, the £1,|,, ., value is compared with the exact solution [8-11] in Table 9. It is seen that the formula
has less than 3% error when f > — 0.4 although it may have 20% or more of error when f < —0.4.

Since two-dimensional factors |, /p—o and Fu,l, /o can be approximated well by Egs. (18)~(23) for
p = — 0.4, the following formulas can be proposed to evaluate three-dimensional cracks with any aspect
ratio a/b. Here, the F’; value when a/b = 2.341 is used because it approximates Fy'; values for a/b = 1-00
accurately by y/area parameter.

. b\ b
Fi,).'a/b:2.341 = (ﬁ) FI,/1|a/b:24341, m =0.3268 (area = 4ab, a/b = 2341) (24)
Here, the following relation is assumed:
1-2p s
FIJ.|a/b:2.341 = mﬂl,2|a/b:2.34121 : (25)

In a similar way of the two-dimensional case of a/b — 0, the following equations can be proposed:
p>0
Fitilyp—ssa = [0.613 = 0.0528 — 5.656p> — 20.388°](1 — o) + [0.087 — 0.1158 + 4.085”

+ 14.9536°)(1 — o)” — [0.083 + 0.0228 + 0.830% + 3.3544°)(1 — ). (26)
(Within 14% accuracy when || <0.95 and 0 < < 0.40)
p<O
Fitilajpnaa = [0.613+0.6758 — 2.6798> + 4.7718°](1 — o) + [0.087 — 0.6683 + 4.8468°
—2.3714°)(1 — «)> — [0.083 — 0.2298 + 4.2468> — 3.517°](1 — )’ (27)

(Within 10% accuracy when |« <0.95 and —0.40 < < 0).
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Table 9
Accuracy of Egs. (18)—(22) proposed for a/b — oo in Fig. 1
x B
—-0.40 -0.30 -0.20 -0.10 0.00 0.10 0.20 0.30 0.40
Panel A
-0.95 7.814 3.782 2.450 1.788 1.375 Exact value (Eq. (18))
(7.801) (3.793) (2.446) (1.796) (1.382)
-0.75 7.094 3.535 2.331 1.659 1.327
(7.139) (3.557) (2.328) (1.729) (1.341)
—-0.55 3.231 2.172 1.615 1.268 1.023
(3.249) (2.165) (1.631) (1.278) (0.997)
-0.35 2.854 1.973 1.496 1.190 0.972
(2.882) (1.964) (1.503) (1.193) (0.960)
-0.15 1.737 1.348 1.090 0.905 0.760
(1.730) (1.348) (1.087) (0.898) (0.776)
-0.05 1.602 1.261 1.032 0.863 0.732
(1.601) (1.262) (1.027) (0.857) (0.746)
0.05 1.461 1.169 0.967 0.817 0.700
(1.467) (1.168) (0.961) (0.811) (0.710)
0.15 1.315 1.068 0.894 0.766 0.663
(1.326) (1.070) (0.889) (0.759) (0.669)
0.35 Fiilyy — 0 0.844 0.729 0.641 0.569 0.508
(0.585) (0.730) (0.638) (0.570) (0.507)
0.55 0.603 0.537 0.487 0.446 0.412
(0.619) (0.547) (0.490) (0.446) (0.412)
0.75 0.322 0.302 0.287 0.276 0.267
(0.333) (0.308) (0.290) (0.277) (0.268)
0.95 0.076 0.074 0.074 0.075 0.078
(0.076) (0.075) (0.075) (0.077) (0.078)
—-0.49 -0.47 -0.45 —-0.43 -0.41
Panel B
-0.99 85.710 27.817 16.403 11.503 8.805
(67.832) (24.583) (15.359) (11.187) (8.770)
—-0.98 85.031 27.726 16.349 11.456 8.827
(67.282) (24.444) (15.290) (11.145) (8.741)
-0.97 84.389 27.452 16.234 11.381 8.764
(66.735) (24.288) (15.520) (11.103) (8.710)
-0.96 83.711 27.475 16.061 11.380 8.751
(66.074) (24.148) (15.143) (11.056) (8.680)
-0.95 27.298 16.007 11.250 8.721
(24.006) (15.072) (11.013) (8.647)
0.41 0.43 0.45 0.47 0.49
Panel C
0.95 0.078 0.079 0.080 0.081
(0.078) (0.079) (0.079) (0.080)
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Table 9 (continued)

o B
0.41 0.43 0.45 0.47 0.49
0.96 0.065 0.066 0.066 0.067 0.070
(0.065) (0.065) (0.066) 0.066)  (0.067)
0.97 0.051 0.051 0.052 0.053 0.054
(0.050) (0.051) (0.051) 0.052)  (0.052)
0.98 0.035 0.036 0.037 0.037 0.038
(0.035) (0.035) (0.036) 0.036)  (0.037)
0.99 0.019 0.019 0.020 0.020 0.020
(0.019) (0.019) (0.019) 0.019)  (0.020)

In Table 10, the Fy;|,/s_» 34 values are compared with the cases of /b = 1 and a/b — oc. To confirm the
accuracy, normalized values of £y is indicated in parenthesis. It is found that £';|, ,_, 34, gives approximate
Fy', values within a few percent errors in most cases.

5. Conclusion

In this study, stress intensity evaluation formulas were proposed for the cracks under mixed mode load
and also cracks terminating at an interface. The conclusions can be summarized as follows:

(1) From the results of an elliptical and rectangular crack in a homogeneous material under shear )7 (see
Fig. 1(a)), it is seen that the maximum mode II stress intensity factor for an arbitrary shaped crack
is expressed by

kitmax 2 0.55¢%\/varea  (if b/a<1).

Also, the maximum mode III stress intensity factor for an arbitrary shaped crack is expressed by

klllmax = 0451';0 v area (lf b/a = 1)

(2) From the results of a crack terminating at an interface (see Fig. 1(b)), it is seen that the maximum stress
intensity factor at the crack front along x, = 2b, x3 = 0 is expressed by

ki = F'(x)o534\/ Varea,

F(x) = 0.639 — 0.356x + 0.292x* — 0.081x° 1t /sty < 1.0, x = o /gy ity /1t < 1.0, x =2 — i,/ pts.

When u,/u; = 0, F*(x) = 0.64, which is in agreement with Eq. (1) proposed for surface cracks, and also
F(x) =0.49 at u,/pu; = 1, which is in agreement with Eq. (2) proposed for internal cracks.

(3) From the results of a crack terminating at an interface, it is seen that the maximum stress intensity
factor at the interface is expressed by Egs. (24)—(27) as a function of Dundurs parameter o, f, almost
independent of a/b.



Table 10

Accuracy of Eqs. (24)~(27) proposed for any aspect ratio a/b in Fig. 1

o

B

-0.40

-0.30

-0.20

-0.10

0.00

0.10

0.20

0.30

0.40

—0.95

-0.75

-0.55

-0.35

-0.15

-0.05

0.35

a/b=1
a/b = oo
Eq. (23)
a/b=1
a/b= oo
Eq. (23)
a/b=1
a/b=o00
Eq. (23)
a/b=1
a/b= o0
Eq. (23)
a/b=1
a/b =00
Eq. (23)
a/b=1
a/b =
Eq. (23)
a/b=1
a/b =
Eq. (23)
a/b=1
a/b= o0
Eq. (23)
a/b=1
a/b= o0
Eq. (23)
a/b=1
a/b= o0
Eq. (23)
a/b=1
al/b= o0
Eq. (23)
a/b=1
a/b= o0

Eq. (23)

6.341 (1.052)
5.811 (0.964)
6.026 (1.000)

5.494 (1.041)
5.161 (0.978)
5.276 (1.000)

2.820 (1.073)
2.482 (0.944)
2.629 (1.000)

2.525 (1.058)
2.265 (0.949)
2.387 (1.000)

2.223 (1.058)
2.002 (0.953)
2.101 (1.000)

1.873 (1.049)
1.704 (0.954)
1.786 (1.000)

Flago

=2.341

1.685 (1.082)
1.472 (0.945)
1.558 (1.000)

1.567 (1.078)
1.369 (0.942)
1.453 (1.000)

1.408 (1.074)
1.237 (0.944)
1.311 (1.000)

1.230 (1.076)
1.082 (0.947)
1.143 (1.000)

1.024 (1.073)
0.912 (0.956)
0.954 (1.000)

0.912 (1.065)
0.822 (0.960)
0.856 (1.000)

0.798 (1.053)
0.730 (0.963)
0.758 (1.000)

0.686 (1.041)
0.639 (0.970)
0.659 (1.000)

1.139 (1.073)
1.019 (0.960)
1.062 (1.000)

1.078 (1.061)
0.961 (0.946)
1.016 (1.000)

0.997 (1.062)
0.883 (0.940)
0.939 (1.000)

0.893 (1.066)
0.789 (0.942)
0.838 (1.000)

0.768 (1.067)
0.680 (0.944)
0.720 (1.000)

0.697 (1.063)
0.621 (0.947)
0.656 (1.000)

0.625 (1.059)
0.561 (0.951)
0.590 (1.000)

0.549 (1.054)
0.498 (0.956)
0.521 (1.000)

0.390 (1.018)
0.370 (0.966)
0.383 (1.000)

0.241 (0.968)
0.244 (0.980)
0.249 (1.000)

0.811 (1.059)
0.749 (0.978)
0.766 (1.000)

0.784 (1.050)
0.714 (0.956)
0.747 (1.000)

0.744 (1.054)
0.665 (0.942)
0.706 (1.000)

0.685 (1.062)
0.604 (0.936)
0.645 (1.000)

0.603 (1.065)
0.531 (0.938)
0.566 (1.000)

0.557 (1.067)
0.491 (0.941)
0.522 (1.000)

0.507 (1.067)
0.449 (0.945)
0.475 (1.000)

0.453 (1.063)
0.404 (0.948)
0.426 (1.000)

0.338 (1.046)
0.310 (0.960)
0.323 (1.000)

0.221 (1.009)
0.212 (0.968)
0.219 (1.000)

0.112 (0.966)
0.114 (0.983)
0.116 (1.000)

0.019 (0.905)
0.021 (1.000)
0.021 (1.000)

0.567 (1.056)
0.503 (0.937)
0.537 (1.000)

0.535 (1.055)
0.473 (0.933)
0.507 (1.000)

0.488 (1.063)
0.428 (0.932)
0.459 (1.000)

0.457 (1.063)
0.401 (0.933)
0.430 (1.000)

0.422 (1.063)
0.372 (0.937)
0.397 (1.000)

0.384 (1.061)
0.340 (0.939)
0.362 (1.000)

0.296 (1.050)
0.268 (0.947)
0.283 (1.000)

0.205 (1.030)
0.189 (0.950)
0.199 (1.000)

0.111 (1.009)
0.105 (0.955)
0.110 (1.000)

0.021 (0.955)
0.020 (0.909)
0.022 (1.000)

0.395 (1.079)
0.364 (0.995)
0.366 (1.000)

0.377 (1.074)
0.344 (0.980)
0.351 (1.000)

0.356 (1.076)
0.321 (0.970)
0.331 (1.000)

0.329 (1.072)
0.296 (0.964)
0.307 (1.000)

0.263 (1.056)
0.238 (0.956)
0.249 (1.000)

0.183 (1.022)
0.172 (0.961)
0.179 (1.000)

0.102 (0.990)
0.099 (0.961)
0.103 (1.000)

0.020 (0.952)
0.020 (0.952)
0.021 (1.000)

0.236 (1.040)
0.212 (0.934)
0.227 (1.000)

0.171 (1.024)
0.159 (0.952)
0.167 (1.000)

0.095 (0.979)
0.095 (0.979)
0.097 (1.000)

0.019 (0.905)
0.021 (1.000)
0.021 (1.000)

0.097 (1.000)
0.093 (0.959)
0.097 (1.000)

0.019 (0.864)
0.021 (0.955)
0.022 (1.000)

4!
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